Abstract I examine how peremptory challenges, which are vetoes that attorneys may use on prospective jurors, affect jury composition. The purpose of peremptory challenges is to eliminate biased jurors, however I show that under the two most common rules used in the United States peremptory challenges make biased juries more likely. I show that if unanimity is required for conviction, the distribution of juror types is symmetric, and each attorney has the same number of challenges, then challenges benefit the prosecution.
Introduction
A criminal defendant's right to a trial by an impartial jury is one of the foundations of the United States judicial system. This right is guaranteed by the Sixth Amendment of the Constitution, and every US jurisdiction has a series of checks established to remove biased jurors. One such check is that courts allow attorneys a limited number of unconditional vetoes, known as peremptory challenges, to be used on prospective jurors.
Ostensibly the use of peremptory challenges removes biased jurors by eliminating them from the juror pool, however I show that peremptory challenges can actually increase the probability of juries composed entirely of biased members, regardless of the procedure used to implement the challenges. The main observation of the paper is that allowing attorneys to strategically eliminate prospective jurors introduces correlation among the chosen jurors, which means that even if individual jurors with extreme biases are less likely, juries composed mostly or entirely of jurors with similar biases are more likely.
Peremptory Challenges in Practice
When selecting a jury, each party to a trial is afforded a predetermined number of peremptory challenges which can be used to veto veniremen, the prospective jurors. 1 These challenges are "peremptory" in the sense that they do not need to be justified: attorneys can remove whomever they wish, up to their allotted number of challenges. 2 The purpose of challenges is to eliminate biased jurors and encourage confidence in the trial by jury. As the Supreme Court of the United States explained:
The function of the challenge is not only to eliminate extremes of partiality on both sides, but to assure the parties that the jurors before whom they try the case will decide on the basis of the evidence placed before them, and not otherwise. 3 1 The term for an individual prospective juror is venireman, and the entire pool of prospective jurors is the venire. 2 The only limitations are that challenges cannot be used to discriminate based on race or gender, but it is unclear how often these limitations are heeded.
3 Swain v. Alabama, 380 U. S. 202 (1965) .
The modern use of peremptory challenges stems from the English common law, although the practice dates at least to Roman law of 104 B.C. 4 Currently there are two types of procedures for the execution of peremptory challenges in the Unites States, the most common of which is known as "strike and replace." The defining characteristic of this procedure is that prospective jurors are presented and challenged sequentially, rather than all at one time: a single venireman, or small group of veniremen, is questioned and then each side is given the opportunity to either accept or challenge. If both sides accept a venireman then she is impaneled, and if either side challenges then the venireman exits and is replaced by a new candidate. 5 The other common method for peremptory challenges is known as "struck jury," which is defined by having all prospective jurors presented and questioned before challenges are used. Therefore in this method at least enough veniremen to fill the jury plus the number of challenges are all questioned, then challenges are executed, and whoever is left fills the jury. If more than the number of jurors needed are left then the jury is chosen randomly from the remaining pool. 6 The choice of procedure, as well as the number of challenges allowed to each side, varies widely by jurisdiction and crime, and to some extent is left to the discretion of judges. For example, many jurisdictions do not specify which selection rule should be used, but do impose a minimum number of challenges allowed per side. These minimums are usually an equal number per side, but sometimes more challenges are given to the defense. The number of challenges also generally rises with the severity of the crime. For minor crimes it may be that each side receives three to six challenges, while for capital crimes it is common that each side receives at least twenty challenges. 7 The challenge process also varies in how questions are presented to veniremen. In some courts veniremen are interviewed in front of the entire venire, while in others they are interviewed individually in private quarters. In some courts veniremen merely fill out a standardized questionnaire which can be minimally augmented by attorneys. There is also some variation in who asks the questions. In some courts lawyers may lead questioning, while in others the judge leads. In some courts lawyers and judges share the questioning.
Most legal experts, even those who are critical of peremptory challenges, accept that these rules are well designed to reduce biases in juries. In fact, although peremptory challenges are not Constitutionally mandated, the Supreme Court has acknowledged that "[there is a] widely held belief that peremptory challenge is a necessary part of trial by jury," 8 and that "the right of challenge is almost essential for the purpose of securing perfect fairness and impartiality in a trial." 9,10 Therefore the view shared by the Supreme Court, lawyers, and scholars, seems to be that peremptory challenges reduce the bias in juries, and the long history of peremptory challenges is seen as testimony to this ability. The present paper seeks to dissect the theory behind this assertion.
Main Results
I introduce a simple model, explained in Section 3, of jury selection which abstracts away from many real world concerns but allows us to isolate the effects of peremptory challenges. My main results are as follows:
• Giving attorneys the ability to challenge individual veniremen necessarily introduces correlation among the chosen jurors, which means that even if individual jurors with extreme biases are less likely, juries composed mostly or entirely of jurors with similar biases are more likely.
• If unanimity is required for conviction, the distribution of juror types is symmetric, and each attorney has the same number of challenges, then challenges benefit the prosecution.
I then show that these results are not unique to the peremptory challenge system used in US courts: I
show that there does not exist a peremptory challenge rule which would avoid these issues.
The remainder of the paper is organized as follows: Section 2 discusses previous literature. Section 3 introduces the general model and contains an illustrative example. Section 4 discusses alternative selection rules and extensions of the model, such as strategic voting by the jurors. Section 5 concludes. All proofs are in the Appendix.
Related Literature
While there are very few papers which formally model the use of peremptory challenges, one that is closely related to my results is Brams and Davis (1978) . Brams and Davis establish the model for the strike and replace system of peremptory challenges which I use in the present paper. However, Brams and Davis do not explore the implications of the model beyond defining the game and presenting equilibrium strategies.
I redevelop the equilibrium strategies and I extend the analysis by analyzing how these strategies affect the expected impaneled jury as the primitives of the model change. Roth et al. (1977) develop a similar model to Brams and Davis, but focus mostly on a setting in which agents may have different beliefs about the distribution that jurors are drawn from. Both Roth et al. and Brams and Davis show that if the players have a common belief about the distribution then they will never challenge the same venireman, but Roth et al. suggest that if the beliefs are dissimilar enough then it may be possible to have a "donation paradox," in which one agent actually wishes to give the opposing side some of his challenges. Degroot and Kadane (1980) and Kadane et al. (1999) confirm the possibility of the donation paradox via example, but this is not something that the present paper is concerned with. Degroot and Kadane also generalize the model of Roth et al. and Brams and Davis to include a larger class of preferences for the players. The results of Degroot and Kadane are mostly concerned with the benefit of being the first to move if beliefs are different, which, again, is not relevant for the present paper.
Another paper which formally models peremptory challenges is Ford (2010), which models the struck jury system rather than strike and replace. Unlike the other literature, this paper does explore the effect that challenges have on jury composition. The author runs simulations of the jury selection process by drawing veniremen from a specified beta distribution. The result of the simulation is that the struck jury system drives the composition of impaneled jurors to the median of the venireman distribution; i.e., a single juror chosen randomly from the set of all impaneled jurors in all juries is closer to the median. While this result is true, especially for games in which the number of challenges is large, Ford does not examine the distribution of the composition of the full jury. One of the main results of the present paper is that it is possible that the expected composition of the jury is biased away from the mean and median jury relative to a model with no challenges, since the impaneled jurors are correlated. I refine the results of Ford and provide a theoretical background for the findings of the simulations. 11 Schwartz and Schwartz (1996) combine a model of jury voting with a model of peremptory challenges to examine how challenges affect the likelihood of a unanimous verdict. However the peremptory challenge aspect of the model is not a formal game, as the authors do not model the strategic behavior of the attorneys. Rather, the authors assume that for any distribution of veniremen the challenge process will truncate the distribution at the tails. Based on this assumption, Schwartz and Schwartz choose a symmetric distribution and then truncate it in order to study the implication for jury composition. 12 The result of Schwartz and Schwartz is that peremptory challenges may increase the probability of unanimous verdicts, since juries are more homogenous, at the cost of a jury which represents a cross section of society. My results show that strategic play by the attorneys does not lead to a truncation of the venireman distribution.
However, like Schwartz and Schwartz, my results do show that peremptory challenges make juries more homogenous.
There is at least one paper, Zeisel and Diamond (1978) , in which the authors use an experiment to test the effect that challenges have on verdicts. For a limited number of criminal cases in the United Sates District
Court for the Northern District of Illinois, the authors were allowed to observe the challenge process and have access to both the challenged veniremen and the impaneled jury. The experiment was as follows: the veniremen who were peremptorily challenged, and thus would have sat the jury in absence of the challenge, attended the trials and declared the verdict they would have chosen. These results were then compared to the voting record of the actual jury, and thus Zeisel and Diamond could discern, roughly, how the use of the challenges affected the outcome of the case. Zeisel and Diamond conclude that some attorneys were clearly better than others at exercising the challenges, and that in at least one case the use of challenges actually changed the verdict delivered. This study helps motivate the present paper, and gives some support for the results that peremptory challenges can have a large impact on the composition of juries.
Related to the subject of jury selection, there is also a large and growing literature on equilibrium voting by strategic jurors (e.g. Austen-Smith and Banks (1996), Feddersen and Pesendorfer (1998) , Coughlan 11 The thesis of Ford is that peremptory challenges distort the composition of the jury by making juries homogenous and composed of median type jurors, and that this is against the spirit of a representative jury. While the simulations in Ford appear accurate, the author falsely assumes that the order statistics for the realized veniremen are independent, and thus provides an incorrect theoretical explanation of the findings. In a response to Ford, Stevenson (2012) informally argues that peremptory challenges actually increase uncertainty and that this is a desirable quality in jury selection. 12 The actual distribution used in the paper is pictured graphically but never formally stated. The truncation is not endogenous to the model; the authors assume that strategic play by attorneys would lead to some truncation of the distribution, and then study how drawing jurors from the truncated distribution compares to a draw from the full distribution.
(2000), Gerardi and Yariv (2007) ). This literature is not directly relevant to the main model discussed in the present paper, as for the most part I assume that jurors do not act strategically. However, via a simple example I extend the model to include strategic voting and show that the use of peremptory challenges could exacerbate some of the criticism of unanimous voting. 13 Many of the results of the present paper would extend to a model with strategic voting, however the results which directly examine the expected conviction rates of impaneled juries clearly rely on the non-strategic assumption.
Lastly, given the structure of the strike and replace game, there is some similarity between this model other optimal stopping problems, such as a labor market search model in the spirit of McCall (1970) , Mortensen (1970) , and Gronau (1971) , or the secretary problem, in which an employer attempts to choose the best secretary from an applicant pool of known size offered sequentially; cf. Degroot (1970 ), Ferguson (1989 , Bearden (2006) . Section 3.3 discusses strike and replace and briefly comments on some of the similarities and differences among these models.
Model of Existing Peremptory Challenge Rules

General Environment
The two strategic players are the defense, D, and the prosecution, P, who are involved in selecting a jury of n > 1 jurors, {j 1 , . . . , j n }, according to some selection rule, R. Veniremen, the potential jurors, each have a type, t i , which indicates their probability of voting for conviction. Venireman types are independent and distributed according to a known, non-degenerate distribution F with support [t, t] ⊆ [0, 1]. F is conditional on the particular trial, thus it can vary with guilt, strength of physical evidence, credibility of witnesses, etc. 14 Therefore I abstract away from these concerns in order to isolate the effects of peremptory challenges on the jury composition. The defense would like the jury to acquit, and the prosecution would like the jury to convict. A unanimous verdict is required for conviction, and otherwise the result is acquittal; in real-world courts unanimity is also required for acquittal, however hung juries are often viewed as a victory for the defense, therefore for simplicity I assume that anything but conviction is acquittal. 15 Thus for a jury J = {j 1 , . . . , j n }, the payoffs to the defense, U D , and to the prosecution, U P , are defined as:
t i . D and P each have a finite number of peremptory challenges, d and p respectively, which, subject to the selection rule, can be used to veto veniremen. A game Γ is described by p, d, n, F, and R; Γ = Γ(p, d, n, F, R). 16 Assuming the game has a unique equilibrium, the conviction rate is the probability that the jury votes for conviction given equilibrium play.
If F and R are fixed, I write the conviction rate as V(p, d, n). Let µ be the mean of the distribution F, so 13 Cf. Feddersen and Pesendorfer (1998) . 14 This is motivated by the practice of a pre-trial discovery, during which each side of a case must share the evidence which can be presented in trial. The implicit assumption is that both attorneys know the information the jury will receive during trial, and the attorneys' posterior beliefs about the conviction probability of each juror given this information are the same. 15 Empirical evidence from California courts shows that only about one third of hung juries are retried, and it is very rare for a case to go through more than two trials. The majority of hung jury cases result in plea bargains at reduced sentences or are dismissed (P. Hannaford-Agor, V.P. Hans, N.L. Mott, G.T. Munsterman, Are Hung Juries a Problem?, Natl. Cent. State Courts, Natl. Inst. Justice, 2002) . 16 The players and their payoff functions will be held constant throughout the analysis. I often refer simply to Γ when it is clear that I am speaking of a specific game. that a randomly chosen jury of size n would have a conviction rate V(0, 0, n) = µ n . I say the game favors
A Static Procedure: Struck Jury
This section formally states the model and results for the struck jury selection rule, which I denote SJ. The rule is as follows: n + p + d veniremen are drawn and all types are revealed before challenges are used. P and D then simultaneously challenge p and d veniremen, respectively, and the remainder are impaneled. 17 The unique equilibrium of Γ(p, d, n, F, SJ) is for P to challenge the p veniremen with the lowest types, and for D to challenge the d veniremen with the highest types.
An Illustrative Example
Suppose there are three types of jurors, {L, M, H} = {1/4, 1/2, 3/4}, with each venireman having probability 1/3 of being any specific type. I first show that challenges increase the probability that a jury is composed exclusively of high or low types, which I call extreme juries. Given the symmetry of the example these probabilities are the same, so I focus on the all H case.
If there are no peremptory challenges, and jurors are chosen randomly, then the probability of a jury composed entirely of type H jurors is 3 −n . With one challenge each, P and D can each challenge at most one venireman, thus the probability that a jury is composed entirely of high jurors is equal to the probability that, in n + 2 draws, there are at least n + 1 type H veniremen:
Since P has some ability to veto jurors who are not high types, as the required number of jurors grows the probability of an all H jury shrinks much more slowly relative to the probability of an al H jury in a random sample. These relative probabilities are represented by the following ratio:
This ratio grows monotonically with the size of the jury, and exceeds one for juries greater than two members; i.e., for juries of more than two jurors, a jury composed entirely of type H jurors is more likely when both sides have one challenge compared to a random draw.
The same analysis can be applied when p = d = 2. In this case P has an even stronger ability to eliminate non-high type veniremen, thus the probability of an all H jury decreases even more slowly relative to a random selection, which is represented by the following ratio:
The relative probabilities of an all H jury are shown graphically in Figure 
Figure 1: Relative Likelihood of Extreme Juries for a jury of twelve members, allowing just one challenge per side increases the probability that a jury is composed entirely of type H jurors by more than a factor of three, while allowing two challenges per side increases the probability more than six times. These probabilities are of course small, since the probability of an all H jury with no challenges is 3 −12 ≈ 1.88 × 10 −6 , however similar analysis applies to juries composed mostly of extreme jurors.
The intuition is that challenges introduce correlation among the impaneled jurors. This correlation is reflected in Figure 2 , which shows the empirical distribution functions of the impaneled jury conviction rate for three different combinations of challenges. 18 It is clear that for the highest value juries, the distributions generated when agents have more challenges lie below the distributions when there are fewer challenges;
i.e. higher value juries are more likely when challenges are present. Although it cannot be seen in Figure 2 due to the scale, a somewhat symmetric effect is present for the low value juries: more challenges increases the probability of low value juries. Allowing challenges is pushing some mass towards both tails of the jury distribution. However, these effects do not have a symmetric impact on the conviction rate. The conviction rate of an impaneled jury is the product of the juror types, therefore this rate is convex as a function of these types. Because of this convexity the use of peremptory challenges increases the expected conviction rate; the juries composed of types H and M have a larger impact on the average jury than those composed of types L and M. One of the main results of the paper is that a similar effect happens for any symmetric distribution: if agents have the same number of challenges, then mass gets pushed towards the tails of the 18 The data is from a simulation of 100,000 juries generated from the distribution used in the example. Allowing challenges decreases the probability of having a jury which is composed of a full cross section of the venire population, while it increases the probability of having a more homogenous, yet more extreme, jury.
Characterizing the Equilibrium
As mentioned previously, the unique equilibrium of this game is for P to challenge the p lowest veniremen, and for D to challenge the d highest. Therefore the conviction rate of the game is equal to the expected product of the p + 1 to p + n order statistics of the venire.
Lemma 1. For the venire J with |J | = p + d + n, let j (k) denote the kth order statistic of the sample, so that
. Then the conviction rate of the game Γ(p, d, n, F, SJ) is:
And if F is absolutely continuous this value can be expressed as:
Where
The conviction rate given by (1) merely uses the well known expression for the joint pdf of order statistics drawn from an absolutely continuous distribution. 19 Although this conviction rate is simple to describe, it is not immediately transparent how changing the number of challenges or the size of the jury will affect its value for general distributions. However if agents are distributed uniformly on [0, 1] then the expression simplifies into a form which makes it easy to perform comparative statics on p, d, and n.
This result, which is due to a more general result of David and Johnson (1954) , makes analysis of the struck jury method very tractable when veniremen are distributed uniformly, which can be used as a reference to examine how this selection rule is affected by changes in the primitives.
Challenges Favor the Prosecution
The main result of this section is that under SJ, if veniremen are distributed uniformly on [0, 1], then if each player has the same number of challenges the game always favors the prosecution.
This result is due to the same phenomenon as in the example in Section 3.2: allowing challenges pushes some of the mass in the jury distribution towards the tails, and this benefits the prosecution because of the convexity of the conviction rate. It turns out that because of the symmetry of the distribution, this happens immediately. This same insight suggests that, just as in the example, peremptory challenges under a struck jury rule may increase the probability of juries which are composed entirely of relatively extreme jurors.
This intuition is in fact correct, and I formalize this in the next section.
Challenges Make Extreme Juries More Likely
For the distribution in the example we saw that peremptory challenges moved weight into the tails of the impaneled jury distribution. Here I show that for large n, this is universally true, however we define the "tails."
Theorem 2. If D is given at least one challenge, then for any interval [t, t + ] ⊂ [t, t), there exists an n such that for all juries larger than n , the probability that all impaneled jury members fall in the interval [t, t + ] is greater in the game Γ(p, d, n, F, SJ) than in a game with no challenges. Likewise, if P is given at least one challenge, then for any interval [t − , t] ⊂ (t, t], there exists an n such that for all juries larger than n , the probability that all impaneled jury members fall in the interval [t − , t] is greater in the game Γ(p, d, n, F, SJ) than in a game with no challenges.
Thus for any interval at either endpoint of the juror distribution, if the size of the jury is large enough the presence of challenges push enough mass towards the tails of the jury distribution that it becomes more 19 Cf. David and Nagaraja (2003) .
likely that all impaneled jurors come from this interval. For intervals that have very small measure the jury may have to be quite large before this happens, but it is also possible to fix the size of the jury and solve for the minimal measure for which it is more likely that all of the jurors fall in the extreme intervals. 20
Theorem 3. If D has at least one challenge then there exists a δ ∈ (0, 1) such that if the measure of the interval [t, t + ] ⊂ [t, t) is at least δ, it is more likely that all jurors fall in the interval [t, t + ] in the game Γ(p, d, n, F, SJ) than in a game with no challenges.
Corollary 1. If each player receives the same number of challenges, then it is always more likely that the impaneled jury is composed entirely of jurors above the median, or entirely of jurors above the median, in game Γ(p, d, n, F, SJ) than in a game with no challenges.
Thus, given a fixed jury size and number of challenges, for an arbitrary distribution it is possible to calculate the probability that all jurors fall in some extreme upper or lower quantile of the distribution.
Corollary 1 shows that the shift in probability towards more extreme juries can occur in small juries. In fact, this effect can be quite drastic. For example, in Florida all juries in non-capital felony cases are composed of six members and each side is given six peremptory challenges. 21 If no peremptory challenges were given, the the fraction of juries composed entirely of jurors above the median type is approximately 1.6%.
However, when each side has six challenges, if the selection rule is struck jury, then this fraction increases to approximately 11.9% of all impaneled juries. Thus, in such courts, we would expect that almost a quarter of all juries are composed entirely of individuals on one side of the median juror.
Compared to a game with no peremptory challenges, Theorem 2 and Theorem 3 show that under a struck jury rule the relative likelihood of extreme juries increases with the size of the jury. This suggests that if we hold n fixed but increase challenges we may be able to produce the opposite effect. The following theorem shows that indeed it is possible to reduce the probability of extreme juries if there are enough challenges awarded to each side. This result supports the common view that peremptory challenges may eliminate biased veniremen.
However the counter effect described in Theorem 3 is often ignored, and Corollary 1 shows that this force can be significant: it may take a long time before the limit described in Theorem 4 is reached. The following figure shows the conviction rate for a twelve member jury when F = U[0, 1] as the number of challenges remains equal for both sides but increases. Note that in practice the maximum number of challenges allowed is generally below thirty per side. 20 For the remainder of this section I will restrict attention to the case of impaneled jurors being in the interval [t, t + ], with the understanding that the analogous results hold for the case of all impaneled jurors being in the interval [t − , t]. This figure illustrates that the conviction rate does not change monotonically with the number of challenges, and significantly reducing the variance of the conviction rate can take more challenges than is realistically implementable.
Thus the struck jury rule may have the perverse effect of increasing the probability that juries are composed of entirely of more extreme jurors. These results are dependent on the number of challenges relative to the size of the jury, but it appears quite reasonable that the number of challenges used in US courts shift the probabilities of extreme juries in undesirable ways. The following section shows that the sequential, strike and replace rule leads to similar results.
A Sequential Procedure: Strike and Replace
In this section I develop the model of the sequential, strike and replace game. This rule, denoted SR, is as follows: an individual venireman j 1 is drawn and her type t 1 is revealed. Each agent, P and D, simultaneously chooses to accept or challenge. 22 If both agents accept then j 1 joins the jury. If either P or D challenges then j 1 does not join the jury. After this round the next venireman is drawn, and the process continues. The selection ends when either the jury reaches its capacity, or when both sides run out of challenges, in which case the remaining jurors are chosen randomly.
Suppose we reach round k, in which P and D have p and d challenges left, there are n places to fill on the jury, and currently there are m jurors impaneled. If we let the product of the types of the impaneled juries be π = ∏ m i=1 t i , then the decision for agent P to use his challenge against j k is equivalent to choosing between the payoffs πV(p − 1, d , n ) and πt k V(p , d , n − 1). Therefore the values of the jurors already impaneled do not affect P's decision. Thus the relevant information to determine players' strategies is the number of challenges they each have, p and d , and the number of jurors left to impanel, n . I will refer to this as point (p , d , n ) in the game. Using this insight it is possible to solve the game for any distribution using backward induction.
Characterizing the Equilibrium
Lemma 3. A subgame-perfect equilibrium for the game Γ(p, d, n, F, SR) exists and the unique value of the conviction rate is V(p, d, n), defined recursively as follows for p, d, n > 0:
We can see that either player has a unique threshold strategy determined by the ratios of the conviction rates of the two subgames they can choose to enter. For example, the threshold strategy for P at point (p, d, n) is to challenge a venireman if her type t is less than
, and likewise D's threshold will be t D (p, d, n). From expression (5) it is apparent that when P is the only player with challenges, adding an extra member to the jury will affect the conviction rate by a factor larger than the mean; being the only player with challenges allows P to shift the conviction rate in his favor. It is less transparent, but (6) shows a similar effect when D has the only challenges: adding one more juror affects the conviction rate by a factor less than the mean type. In general though, the value V(p, d, n) requires the computation of the conviction rates of (p + 1)(d + 1)n subgames, 23 and it is not always immediately clear how changing the size of the jury or the number of challenges affects this rate. However, as we increase the size of the jury, in the limit the analysis of the game becomes much simpler.
Theorem 5. Fix the number of challenges each side receives and increase the size of the jury. If t = 0 and
Theorem 5 shows the impact that each player's challenges can have on the expected conviction rate.
In the limit, every challenge that P receives scales up the conviction rate by a factor of µ/t, while every challenge D receives scales down the conviction rate by a factor of µ/t. Holding the mean fixed, increasing the maximum of the support actually helps D because it gives D's challenges more influence over the conviction rate, and likewise P benefits from having a lower minimum of the support. However D's challenge can never scale down the conviction rate by more than a factor of µ, and it can only approach this limit if the maximum of the support is t = 1. Yet as the minimum of the support decreases there is no limit to the impact that P's challenge can have on the conviction rate. This asymmetry comes from the requirement that anything except unanimous conviction is acquittal.
23 This is the number of subgames in which the jury is not full, including those in which both agents have zero challenges.
The proof of Theorem 5 also shows that as the size of the jury increases, D's threshold strategy monotonically approaches t, the maximum of the support of the venireman distribution. Similarly, P's threshold monotonically decreases towards t.
Theorem 6. Under strike and replace, as n increases, t D (p, d, n) is strictly increasing and approaching t, and t P (p, d, n) is strictly decreasing and approaching t.
As the size of the jury grows players have a stronger incentive to save their challenges for a more extreme venireman, since the probability of drawing an extreme type increases with the number of jurors. 24 Thus as the number of jurors grows, eventually it is very unlikely that either player will use a challenge on the first venireman presented, which means adding an extra member to the jury will scale the conviction rate by a factor close to µ. Interestingly though, the convexity of the conviction rate causes these thresholds to change at different rates even for symmetric distributions. This also means that under symmetric distributions, if each player starts with the same number of challenges, then the game always favors the prosecution, which is formalized in the following section.
Challenges Favor the Prosecution
Theorem 7. If F is symmetric and
Corollary 2. For symmetric distributions and x > 0, at point (x, x, n) D accepts a larger set of veniremen than
With a symmetric distribution and an equal number of challenges, the convexity of the conviction rate forces D to be less aggressive than P with his challenges. This means that, conditional on neither player challenging, the expected value of an impaneled juror at point (x, x, n) is above the mean type. This has the effect of shifting the conviction rate higher than if there were no challenges.
The results of this section show that the effects of challenges in the sequential game are similar to the static game: challenges give agents some ability to push mass towards the tails of the juror distribution, and this distortion increases as the size of the jury becomes large relative to the number of challenges. In symmetric distributions this favors the prosecution because of the convexity of the conviction rate.
Lemma 3 and the following results make it possible to do precise comparative statics on p, d, and n, however it may also be of interest to do comparative statics on the distribution of veniremen. It is possible that changes in laws or judicial practice affect the juror pool, and different shifts in the distribution may have varying effects on the conviction rate. 25 It is possible to show that in general a distribution which first order stochastically dominates another will be better for the prosecution. This result is unsurprising, but we may 24 This is similar to the dynamics of the cardinal secretary problem, a variant of a classic optimal stopping game. However in the cardinal secretary problem the actual types of the secretaries (veniremen) presented are not known to the employer (attorney), only whether or not the current candidate is the best one so far. Cf. Ferguson (1989) , Bearden (2006) . 25 For example, in capital cases juries are often "death-qualified," meaning all veniremen who oppose the death penalty are removed for cause. This may result in a shift to a distribution which first order stochastically dominates the general population. Also, since the distribution is conditional on all information available at trial, a change in admissible evidence could have a predictable impact on the distribution. also want to know how an increase in variability of jurors affects the value of the game. As the following example shows, a second order stochastic shift in the form of a mean preserving spread has an ambiguous effect on the conviction rate. The mean is unchanged, µ F = 1/2, and the expected value of a venireman conditional on being above or below the mean is also unchanged:
. Therefore in both games we have that V(1, 0, 1) = 5/8 and V(0, 1, 1) = 3/8. This implies that at point (1, 1, 1) the threshold strategies for each player remain the same, with D challenging if t > 5/8, and P challenging if t < 3/8. The probabilities of reaching subgames Γ(1, 0, F, SR) and Γ(0, 1, F, SR) also remain the same as the game with the uniform distribution, since U(3/8) = F(3/8) and U(5/8) = F(5/8). However, when the distribution is F the expected value of an unchallenged veniremen at point (1, 1, 1) decreases: E[t|3/8 < t < 5/8, F] < E[t|3/8 < t < 5/8, U]. Therefore the overall value of the game decreases, and P is worse off. An analogous example would show that a mean preserving spread can hurt D in the same manner.
This example highlights how this model differs form a one-sided employment search model. In such a search model increased variance in the wage distribution would always weakly help the searcher, 26 but since this game is constant sum it is of course not possible to help both players. Once one player has used all of his challenges then the game does resemble a more traditional search model, and increased juror variance does weakly help the player who has challenges remaining. Yet when both players have challenges it is possible to prevent the opposition from exploiting the shift in the distribution, and thus the overall effect on the value 26 Cf. Mortensen (1986) . of the game is ambiguous for general distributions and general shifts. Nevertheless, the characterizations in this section provide a framework to precisely examine the strike and replace method for any set of primitives.
Extensions
Impossibility of a Perfect Selection Rule
The results so far have not ruled out the existence of an optimal peremptory challenge rule, we may think it is possible to design a rule which which unambiguously reduces the probability of biased juries; but we would be wrong. It turns out that there is no rule which allows challenges of individual veniremen which avoids these problems. To motivate this result I will define a selection rule R to be unbiased if it doesn't favor either side.
Theorem 8. There does not exist a rule which is unbiased for every distribution F.
The proof of this theorem uses the fact that if there are only two possible types of venirmen, then any selection rule will result in the same impaneled jury. When this is the case the results from the previous sections carry through exactly to any other selection rule. This result is quite intuitive, and it highlights the limitations inherent in a peremptory challenge system which attempts to control the composition of the jury by allowing agents to veto individual veniremen. Peremptory challenges give each player some influence over the impaneled jurors, which removes the statistical independence of the jury members, regardless of the distribution or the specific selection rule. Even if the distribution of veniremen were known to a central planner it may not be possible to design a practical challenge procedure which reduces the variance of the expected jury.
Improving Peremptory Challenges
The question of how to improve peremptory challenges may not have a satisfying answer. As Theorem 2 and Theorem 8 show, there may be no way to allow challenges without significantly altering the expected composition of the jury. However this result is partly due to the assumption that challenges attempt to preserve the mean jury. If society wants to minimize jury variance while targeting the median jury, or some point between the mean and the median, then it is possible to design a system which assists this goal. One such solution would be if challenges were used to veto potential juries, rather than individual jurors. The selection rule could be as follows: P and D are given p and d peremptory challenges, respectively, and n + k jurors are drawn from F and interviewed. A set of J = {J 1 , J 2 , . . . , J m } of m ≥ p + d + 1 juries is produced via random draws of n jurors from the set of veniremen. Attorneys can then use challenges on the resulting juries, as in a struck jury selection rule. As k and m grow, the expected impaneled jury approaches the median jury. The appeal of this is that the median jury is not necessarily a homogenous jury;
i.e. it may be composed of a wide range of jurors. 27 This is also appealing since for the same size venire it requires no more information than the struck jury method; once attorneys have interviewed the entire venire it would take minimum effort to rank juries. Nevertheless, in order to improve the peremptory challenge system society must have a well defined notion of what it desires in a jury.
Strategic Voting
Feddersen and Pesendorfer (1998) famously criticize unanimous voting as a requirement for conviction, pointing out that in equilibrium each juror will rationally condition her vote on the event of it being pivotal, since under unanimity a vote affects a juror's payoff only if all other jurors are also voting to convict. This conditioning bounds the probability of false conviction strictly away from zero, even though the requirement of unanimity would seem to protect defendants from such an outcome. Although fully incorporating a model of strategic voting for general selection rules is outside the scope of the present paper, I will show that my model of the struck jury selection rule extends quite naturally to the setting of Feddersen and Pesendorfer.
Under the struck jury rule, since all information about veniremen is revealed to players before challenges are executed, even with strategic jurors the equilibrium strategies will remain the same.
I will illustrate this point using a very simple transformation of the model. Instead of t representing a juror's likelihood of conviction, let it denote 1 − q, where q is what Feddersen and Pesendorfer call a juror's threshold of reasonable doubt. This number represents the threshold for the probability of guilt at which the juror is willing to vote for conviction. A juror j i 's utility is given by u(A|I) = u(C|G) = 0, u(A|G) = −(1 − q i ), and u(C|I) = −q i , where A and C stand for acquit and convict, and G and I stand for guilty and innocent; thus each juror maximizes her utility by voting correctly. During the trial, each juror receives a signal as to whether the defendant is innocent or guilty. Each defendant is equally likely to truly be guilty or innocent, and the signal is correct with known probability s ∈ (.5, 1]. Feddersen and Pesendorfer show that in this game there is no Nash equilibrium in which all jurors vote to convict when the signal is guilty and acquit when the signal is innocent. Jurors must play a mixed strategy when the signal is innocent, which leads to a lower bound on the probability that a convicted defendant is innocent of min .5, 1−q 1+q 2s−1 (1−s) 2 , where q = max i {q i }.
In this model with strategic voting, P would want to minimize the maximum q i on the jury, and likewise D would want to maximize the minimum. Thus for the struck jury rule this does not alter the strategies of the attorneys: P still wishes to challenge the p lowest types, and D wishes to challenge the d highest.
Therefore the shift in jury composition discussed in Section 3.2 would still manifest, which may exacerbate the problems associated with unanimous voting rules in this model. For example, it is possible that the expected lower bound of false conviction increases when peremptory challenges are allowed.
Suppose T = {t L , t H }, t L < t H , and there is probability α that a venireman is of type t H . 28 The probability that a jury is composed entirely of type t H jurors is given p and d peremptory challenges is:
Whereas in a random selection the probability of a jury composed entirely of type t H jurors is α n . The ratio of the likelihood of an extreme jury when challenges are allowed relative to when there are no challenges is given by
Once again, this ratio is unbounded and monotonically increasing as n grows, thus there is some n such that for all n > n , an all t H jury is more likely when p and d challenges are allowed. This means that the expected lower bound of the false conviction rate will rise for a large enough jury. For example, if α = 1/2 and s = 3/4, then if we give each side one challenge, p = d = 1, the expected lower bound of the false conviction rate relative to the expected lower bound from a game with no challenges is
, which is greater than one for n > 1. 29 Clearly this is a stylized example, but it emphasizes the point that the composition of the jury will affect the outcome of the jury's vote, and allowing attorneys to alter that composition can have significant effects. This also acts as somewhat of a robustness check for the more general results of the present paper; regardless of whether jurors vote strategically, the strategies for P and D under a struck jury rule would always be the same, and therefore the distortions that peremptory challenges cause would remain.
Conclusion
In this paper I present a simple model of jury selection which explores whether or not peremptory challenges, under ideal conditions, can decrease the probability of biased juries without affecting the expected conviction rate. The answer is that peremptory challenge procedures may fail both criteria. By allowing players to strategically remove veniremen without reason, impaneled jurors are no longer statistically independent, and thus mass is pushed towards the tails of the distribution of impaneled juries. The effects of peremptory challenges can be quite large, and the distortions are robust to a variety of selection rules and a variety of interpretations of juror types. These results suggest that the common perception that challenges unambiguously limit the prevalence of extreme juries is incorrect, and that more thought should be given as to how the larger society should be represented via an "impartial" jury.
Appendix: Proofs
Proof of Lemma 2. The proof is by direct computation given Lemma 1. Fix p, d, n and let F = U[0, 1]. Then, by Lemma 1, we have
Direct integration of this expression is possible after a change of variables. Let x p+n = y n , x p+n−1 = y n−1 y n , . . ., x p+1 = ∏ n k=1 y k . Then the Jacobian matrix for the substitution function is:
k . Substituting out the x's and noting that the y k 's are independent 30 gives us:
This comes from integrating all of the terms and realizing that the last integration term is a beta function.
Proof of Theorem 1. The proof will be by induction on n. Let c = p = d and n = 2. Then the conviction rate is given by:
Now assume that for Γ(c, c, n, U, SJ), V Γ > 2 −n . Increasing the size of the jury to n + 1 changes the expected value by a factor of
Thus the value of the game Γ(c, c, n + 1, U, SJ) is greater than 2 −(n+1) .
Proof of Theorem 2. I will prove the first part of the theorem for d > 0; the proof of the second statement is analogous. Let the measure of the interval [t, t + ] be x ∈ (0, 1). Therefore in a game with no challenges the probability that all n jurors fall in the interval is x n . When there are challenges and the selection rule is SJ, then P will challenge the p lowest type veniremen. Therefore in order for there to be n impaneled jurors in the interval, there must be at least n + p veniremen in that interval from the n + p + d veniremen drawn. Equivalently, there can be at most d veniremen outside of the interval. The probability of this occurring is:
We want to know when this is greater than the probability under a random draw, i.e.:
For fixed p and d, with d > 0, the lefthand side of the last inequality is unbounded and monotonically increasing as n grows, which proves the theorem.
Proof of Theorem 3. For fixed p, d, and n, define the polynomial P(x) as follows:
We want to know when P(x) > 0. For any p, d, and n we have that P(1) = 0, since all elements in the summation with k > 0 are equal to zero at x = 1. The derivative of P(x) at x = 1 is:
The continuity of P(x) together with the facts P(1) = 0 and P (1) < 0 are sufficient to complete the proof.
Proof of Theorem 4. The set of veniremen J is the empirical distribution of F with n + p + d draws; denote this F n+p+d . Thus as n + p + d → ∞, F n+p+d → F, and n n+p+d → 0. For any fixed game Γ(p, d, n, F, SJ), P challenges the p veniremen with the lowest types and D challenges the d veniremen with the highest types. Therefore, in the limit the measure of the set of veniremen that P challenges is p p+d , and thus the value of each impaneled juror is c, where
Proof of Lemma 3. First I will derive equation (5), which is the value of the game when P is the only agent with challenges. Take the game Γ(1, 0, 1, F, SR). When the venireman j 1 is drawn, the optimal strategy is for P to accept if t 1 > µ and to challenge otherwise. 31, 32 Thus the unique value of V(1, 0, 1) is given by the following expression:
Line (8) F(x)dx, which is also consistent with (5). The same argument shows that V(p, 0, 2) is well defined by (5). Therefore, if we assume that V(p − 1, 0, n) and V(p, 0, n − 1) are well defined, then we get, letting a = V(p − 1, 0, n) and b = V(p, 0, n − 1), V(p, 0, n) is given by the following expression:
A similar argument shows that in the game Γ(0, 1, 1, F, SR), D's optimal strategy is to challenge j 1 if t 1 > µ.
is consistent with the definition in the statement of the theorem. The analogous induction arguments as for V(p, 0, n) show that V(0, d, n) is well defined.
Lastly I will derive equation (7). The derivation is almost analogous to the previous steps, except now there is a possible interaction between the strategies of the two players. Begin with the game Γ = (1, 1, 1, F, SR). For now assume that P and D do not challenge the same venireman. Then P challenges
This confirms the assumption that P and D do not challenge the same venireman in this game. Thus there are unique threshold strategies for P and D, and given these strategies it is possible to define V(1, 1, 1) via the expectation of reaching the subgames V(0, 1, 1), V(1, 0, 1), or t 1 V(1, 1, 0). Induction on p,d and n produces the general expression (7).
31 P faces a discrete choice between t 1 and E[t 2 | challenge] = µ. Thus P maximizes his payoff by accepting when t 1 > µ and challenging otherwise. 32 For continuous distributions this strategy is unique up to a set of measure zero. For discrete distributions there may be positive probability that t 1 = µ, but the conviction rate of the game is unaffected by assuming P challenges j 1 when he is indifferent.
Proof of Theorem 5. The proof of Theorem 5 is broken into three steps: first for p > 0, d = 0, then d > 0, p = 0, and lastly p, d > 0. Each step uses an induction argument. STEP 1. First I will prove that as n grows, if t > 0 then V(p, 0, n)/µ n → µ t p , and if t = 0 then V(p, 0, n)/µ n → ∞. From Lemma 3, V(1, 0, n) can be expressed as follows:
This recursive representation in turn implies that the upper limit of the integral above can be written as
This shows that the limit of the integral in (9) is decreasing as n grows, since each element of the product term is less than 1. It is also the case that the ratio is bounded below by t, and therefore it converges to some limit L; I want to show that L = t. 33 For the purpose of contradiction, suppose that L > t. This would imply that:
However, for t > 0 this contradicts the assumption that L > t, thus we have that lim n→∞ µ n V(1,0,n−1)
Rearranging this term and iterating the expression forward one step gives us the desired result for p = 1. Now for the inductive step assume that V(p − 1, 0, n)/V(p, 0, n − 1) → t for some p ≥ 1. By Lemma 3 we have that:
Once again, since (11) is decreasing and bounded below by t, the limit L exists. Similar to the previous argument, if L < 1, i.e. the upper limit of the integral in (11) is bounded away from t, then V(p, 0, n)/V(p + 1, 0, n − 1) → 0, contradicting the lower bound of t. Therefore,
Together, (12) and Lemma 3 show that in the limit, adding one more juror will affect the conviction rate by a factor of µ, since P is unlikely to challenge: lim n→∞ V(p,0,n) V(p,0,n−1) = µ. Along with (12), this implies that giving one more challenge to P affects the conviction rate by a factor of µ/t: lim n→∞ V(p+1,0,n−1) V(p,0,n−1)
Iterating iterating this expression from p = 0 generates the desired result: lim n→∞
Taking the limit of t to zero shows that, if t = 0, then lim n→∞ V(p, 0, n)/µ n = ∞.
STEP 2. Next I will prove the theorem for p = 0. That is, as n grows,
shows that for d = 1 we have:
The term in the parentheses above is strictly less than µ. To see this note that this is true for n = 1, which by induction implies that V(0, 1, n) < µV(0, 1, n − 1) for all n > 0. This in turn implies that µ n /V(0, 1, n − 1) < t, since for any t < t, we have that t − t 0
is bounded above by t. From Lemma 3 we can rewrite this ratio as
This is increasing as n grows, since each element of the product term is strictly greater then one. Thus, since it is bounded above by t, the limit exists. If this limit were strictly less than t then the ratio would be unbounded, which is a contradiction, therefore lim n→∞ µ n V(0,1,n−1) = t. This also shows that,
The analogous argument as in the previous step generates the desired result: lim n→∞
. For the inductive step assume that for some
Then we have:
Once again, since V(0, d, n)/V(0, d + 1, n − 1) < t for all n and is increasing with n, it must be that 
F(x)dx
Assume that lim n→∞ V(1, 1, n)/µ n exists. The limits of V(1, 0, n)/V(1, 1, n − 1) and V(0, 1, n)/V(1, 1, n − 1), which are the endpoints of the integral, are respectively bounded above by t and below by t, 34 thus if t > 0, . Now for the inductive step assume that for some p ≥ 1 we have that, t 34 If this were not true then we would have, for example, lim n→∞ V(1, 0, n)/V(1, 1, n − 1) > t. This would imply that lim n→∞ V(0, 1, n)/V(1, 1, n − 1) > t, which would in turn imply that lim n→∞ V(1, 0, n)/V(1, 1, n − 1) = 0, a contradiction. The analogous argument shows that lim n→∞ V(0, 1, n)/V(1, 1, n − 1) ≥ t. The last inequality is true since a, b > 0. This proves the original claim that V(1, 0, 2) − µ 2 > µ 2 − V(0, 1, 2). This result implies that V(1, 1, 2) > µ 2 . The logic for this is the same: P could adopt a suboptimal strategy in which his threshold for challenging the venireman at the point (1, 1, 2) is t = 1 − t D (1, 1, 2), but play optimally at all other points. Then there would be equal probability of reaching points (1, 0, 2) and (0, 1, 2). With the remaining probability both sides would accept the veniremen, who would have expectation µ since the cutoff strategies are symmetric, and we would reach point (1, 1, 1) . For the inductive step on p and d, assume that for some c > 1, V(c − 1, c − 1, 2) > µ 2 . By the symmetry of the game with only one juror, it must be that V(c, c − 1, 1) and V(c − 1, c, 1) are equidistant from µ, and thus the analogous argument as in the previous step implies that V(c, c, 2) > µ 2 . All that is left is to prove the induction on n. This argument is again analogous to the original step. Starting with game Γ(1, 1, 3, F), we can show that V(1, 0, 3) − µ 3 > µ 3 − V(0, 1, 3): P can guarantee this by adopting the "symmetric" strategy as D's optimal strategy, and the convexity of the functions leads to the result. Therefore V(c, c, n) > µ n for all c, n > 1.
Proof of Theorem 8. The proof is by counterexample. I propose a simple family of distributions for which all selection rules are equivalent, and then show that one of these selection rules is not neutral.
Lemma 4. If T = {t l , t H }, t L < t H , all selection rules for which P always wishes to challenge t and D always wishes to challenge t result in the same value of the game.
Proof. Take any ordered set of veniremen, J = {j 1 , . . . , j p+d+n }. Under any rule R the unique optimal strategy for D is to challenge any j i if t i = t H and d > 0, and not to challenge otherwise. Likewise, it is the unique optimal strategy for P to challenge any j i if t i = t L and p > 0, and not to challenge otherwise. Therefore, if l is the number of veniremen of type t L in J , and h is the number of type t H , then under any Next I will show that under a rule of struck jury, as long as at least one side has a challenge, there exists a distribution F such that SJ is biased, which, given Lemma 4, completes the proof. First let veniremen be distributed uniformly on T = {0, 1}. For this distribution µ = 1/2, but for any draw of jurors the expected probability of conviction is only positive if all jurors are of type t H = 1. The value of the game when there are no challenges is µ n = 2 −n , and under a rule of struck jury, the value when there are p > 0, d ≥ 0, challenges is:
This rule is unbiased only if V(p, d, n) = 2 −n , which is satisfied if and only if:
For fixed p and d the righthand side of (16) is constant, while the lefthand side is unbounded and monotonically increasing as n → ∞, thus there can be at most one value of n for which the rule is unbiased. If the game happens to be unbiased for some p, d, n combination, then there exists ∈ (0, 1/2) such that perturbing F so that there is 1/2 − mass on 0 and 1/2 + mass on 1 makes the rule biased. 35 An analogous argument proves the theorem for d > 0, p ≥ 0.
